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Scalar forces “screened” by the Vainshtein mechanism may hold the key to understanding the
cosmological expansion of our universe, while predicting new and exciting features in the interaction
between massive bodies. Here we explore the dynamics of the Vainshtein screening mechanism, fo-
cusing on the decoupling limit of the DGP braneworld scenario and dRGT massive gravity. We show
that there is a vast set of initial conditions whose evolution is well defined and which are driven to
the static, screening solutions of these theories. Screening solutions are stable and behave coherently
under small fluctuations: they oscillate and eventually settle to an equilibrium configuration, the
timescale for the oscillations and damping being dictated by the Vainshtein radius of the screening
solutions. At very late times, a power-law decay ensues, in agreement with known analytical results.
However, we also conjecture that physically interesting processes such as gravitational collapse of
compact stars may not possess a well-posed initial value problem. Finally, we construct solutions
with nontrivial multipolar structure describing the screening field of deformed, asymmetric bodies
and show that higher multipoles are screened more efficiently than the monopole component.
PACS numbers: 04.50.Kd,11.10.Lm,04.70.-s,04.25.Nx
I. INTRODUCTION
Einstein’s theory of General Relativity (GR) is by far
the most successful and simple theory that we have to
describe the gravitational interaction. GR elegantly ex-
plains all observed phenomena on solar-system scales.
To preserve the success of GR, cosmological observa-
tions (e.g. those made by the Planck satellite [1]) re-
quire dark matter and dark energy to be invoked as the
drivers of clustering and accelerated expansion. This
model, ΛCDM, is a compelling and plausible explanation
for nearly all existing cosmological observations. How-
ever, there are various outstanding theoretical puzzles,
perhaps the greatest of which is the extraordinary fine
tuning that seems necessary in any theory of dark en-
ergy (e.g. the cosmological constant problem). These
puzzles, along with the vigorous observational program
to observe modifications of gravity in cosmology (see e.g.
[2, 3], have driven considerable interest in infrared mod-
ifications of GR ( for reviews see [4, 5]).
The challenge for any such theory is sequestering the
modification to large enough distance scales, so that the
predictions can be reconciled with solar system tests
(for a review of such tests see Ref.[6]). The class of
theories we will consider in this paper introduce new
scalar degrees of freedom, which potentially mediate
gravitational-strength long range forces if they couple to
matter. To prevent this phenomenological disaster, the
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scalar force must be “screened” on sufficiently short dis-
tance scales, but active on cosmological distance scales.
This feat can in principle be accomplished by making the
range of the force (the Chameleon mechanism [7]) or the
coupling to matter (the Symmetron mechanism [8]) en-
vironmentally dependent. Theoretically consistent mod-
els displaying the Chameleon mechanism are tightly con-
strained [9–15], as are versions of the Symmetron mech-
anism [10, 12, 16].
Another possibility, which we will concentrate on in
this paper, is the Vainshtein mechanism [17]. The Vain-
shtein mechanism (for a recent review see [18]) relies on
non-linear derivative couplings to screen the effect of ex-
tra degrees of freedom on small scales. In effect, sources
which couple to the extra degrees of freedom are dressed
with a scalar profile whose gradient ensures that the mag-
nitude of the fifth force is small.
Theories displaying the Vainshtein mechanism have a
long history, beginning with its role in establishing the
consistency between the massless limit of the Fierz-Pauli
massive graviton [19] and GR [20, 21]. The Vainshtein
mechanism is also manifest in theories with Galileon sym-
metry [22] and their covariant generalizations [23] (spe-
cial cases of the most general non-linear scalar tensor
theory with second order equations of motion 1), as first
discovered in the context of the Dvali-Gabadadze-Porrati
1 The most general scalar-tensor ghost-free theory had already
been discovered by Horndeski in the ‘70s [24], but didn’t re-
ceive much attention at the time. This is why the generalized
action for Galileons found in Ref. [25] is now known as the Horn-
deski action. A generalization of the Horndeski Lagrangian to
vector-tensor theories can be found in Refs. [26–30].
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2(DGP) braneworld model [31]. More recently, the Vain-
shtein mechanism has played an important role in dRGT
gravity [32, 33], the non-linear generalizations of ghost-
free Fierz-Pauli massive gravity (for recent reviews on
Massive gravity see Refs. [34, 35]), and massive bimetric
gravity [36, 37].
Within the context of these theories, considerable work
has been done identifying static spherically symmetric
solutions which manifest the Vainshtein mechanism [38–
45]. This provides an important check on the compati-
bility of these models with solar system tests, and insight
into how the evolution of the Universe is affected on large
scales. Cosmological N-body simulations which treat
the matter dynamically but neglect time-derivatives of
the scalar degree of freedom [46–48] (the so-called quasi-
static approximation [49]; see [50] for a critical analysis
of this approximation) have also been used to study the
formation of large-scale structure and make predictions
for cosmological observables.
However, due to the complex structure of the non-
linear equations of motion in these theories, there has
been little study of fully dynamical phenomena. 2 An-
other important gap to fill is the study of solutions with-
out spherical symmetry. Some notable exceptions are the
study of scalar gravitational radiation emitted by a bi-
nary pulsar system [57, 58], computations of the Green’s
function [59], plane wave solutions [60], studies of the
characteristic matrix of the full dRGT theory [61–64],
and some results on stationary solutions [65].
In this paper, we attempt to fill some of the existing
gaps in the knowledge of fully dynamical and aspheri-
cal solutions in theories displaying the Vainshtein mech-
anism. We study two theories in the decoupling limit:
DGP and dRGT gravity. In the decoupling limit, a non-
gravitating scalar degree of freedom is introduced that
couples to the matter sector. We consider non-relativistic
sources and neglect the internal dynamics of the mat-
ter sector. Under these approximations, we consistently
solve for the full dynamical evolution of the scalar on
a fixed background Minkowski space with fixed sources.
The two theories differ primarily in their derivative self-
couplings and couplings to matter; qualitatively the dy-
namical behaviour is similar.
We begin by characterizing the linear and non-linear
stability of the screening solutions in the DGP model.
Using numerical simulations, we find that in the fully
non-linear regime a large space of initial conditions evolve
to the screening solution around a fixed time-independent
source at sufficiently late times. We study the linear re-
sponse properties of the screening profiles, showing that
2 Fully dynamical phenomena have been studied in the context of
K-essence, which possesses a non-linear kinetic sector (though
not of the type we consider), see e.g. [51–54]. See also Refs.
[55, 56] for a fully dynamical treatment of a cosmological N-
body simulation coupled to a scalar field theory displaying the
symmetron screening mechanism.
the screening solutions behave much as a black hole when
perturbed: there is a prompt response, followed by a uni-
versal ring-down and power-law decay of the wave form.
We also examine the screening properties of static non-
spherically symmetric scalar profiles and sources.
However, we also find that for initial data sufficiently
far from the screening solution, the evolution becomes
ill-posed: regions form where the constant time surfaces
fail to be Cauchy surfaces of the scalar equation of mo-
tion. Following Ref. [53], we term this Cauchy break-
down. We study the situations in which Cauchy break-
down occurs, and show that no foliation of flat spacetime
exists in which the evolution can be continued.
In addition to static sources, we consider two models of
a dynamical source corresponding to spherically symmet-
ric collapse and explosion. The collapse model includes
a time-dependent pressure term in the energy momen-
tum tensor, which changes the coupling to the screening
field. In both the DGP model and dRGT massive grav-
ity, this causes the source to loose its scalar hair, and in
many cases the appropriate vacuum solution is smoothly
reached. In the case of explosion, we model the source as
a mass-conserving out-going null spherical shell of pres-
sureless matter. The shell sources an outgoing pulse of
the screening field, and in many cases the appropriate
vacuum solution is left behind.
However, in both cases, for sufficiently dense sources
or sufficiently short timescales of collapse, we find that
Cauchy breakdown occurs. These examples suggest that
a fully dynamical study of astrophysical phenomena for
infrared modifications of gravity will require a prescrip-
tion for evolving past Cauchy breakdown, or an ultravi-
olet completion of the theory. A complete treatment will
also require stepping away from the decoupling limit, and
considering realistic dynamical sources.
II. THEORIES DISPLAYING THE
VAINSHTEIN MECHANISM
The Vainshtein mechanism relies on derivative self-
interactions to screen long-range fifth forces mediated by
a scalar degree of freedom. There are a variety of the-
ories that manifest the Vainshtein mechanism including
the DGP braneworld scenario, dRGT massive gravity,
massive bi-metric gravity, and scalar field theories with
Galileon invariance. In each case, the action contains
higher-derivative interaction terms for the fluctuating de-
grees of freedom, but the equations of motion remain sec-
ond order.
In this paper, we restrict our focus to DGP and dRGT
massive gravity. The DGP model [31] physically de-
scribes our Universe as a 3-brane embedded in a 5D
bulk, introducing a brane-bending mode that from the
4D point of view corresponds to an additional scalar
degree of freedom. dRGT massive gravity [32, 33] is
the non-linear generalization of the Fierz-Pauli massive
graviton. The theory propagates 5 degrees of freedom,
3two tensor, two vector, and one scalar; we focus on the
physics of the scalar sector. Attempts have been made
to explain the observed accelerated expansion of the Uni-
verse in the context of both models (or close cousins),
and one might expect that many of the features present
in these models will be shared by other infrared modifi-
cations of gravity relying on similar non-linear derivative
interactions.
Both DGP and a sector of dRGT massive gravity are
special cases of a general effective theory with action:
S =
∫
d4x Lpi , (1)
where
Lpi = c2L2 + c3
Λ3
L3 + c4
Λ6
L4 + c5
Λ9
L5
+
ξpiT
M4
+
α
M4Λ3
∂µpi∂νpiT
µν , (2)
Πµν ≡ ∇µ∂νpi; c2, c3, c4, c5, α, ξ are dimensionless pa-
rameters; Λ is the strong coupling scale of the theory;
L2 = (∂pi)2 , (3)
L3 = (∂pi)2[Π] , (4)
L4 = (∂pi)2([Π]2 − [Π2]) , (5)
L5 = (∂pi)2([Π]3 − 3[Π][Π]2 + 2[Π3]) , (6)
with (∂pi)2 ≡ ηµν(∂µpi)(∂νpi) and square brackets are
used to denote the trace, [Π] = Πµνη
µν . The interac-
tions in this effective theory are dictated by the Galilean
symmetry pi → pi + c+ bµxµ.
Throughout this work, we restrict our focus to the de-
coupling limit, in which there is no direct coupling be-
tween the scalar and gravitational sectors (note the lack
of minimal coupling to gravity in Eq. 1). The decoupling
limit retains the number of degrees of freedom of the
theory, and is generically defined by keeping the lowest
scales fixed, while sending all the higher scales to infinity,
M4, LD, Tµν →∞, Λ, Tµν
M4
∼ constant , (7)
where M4 is the 4D Planck mass, LD is an additional
length scale in the theory responsible for the couplings
between the different modes, Tµν is the stress-energy ten-
sor for the matter source, and Λ = (M4/L
2
D)
1/3 is the
strong coupling scale of the theory 3. In this limit we
are perturbing around flat space gµν = ηµν + hµν with
|hµν |  1 so the solutions are only valid in the weak field
regime, i.e., for matter sources much bigger than their
Schwarzschild radius. The interesting feature of this limit
is that it allows to decouple the scalar mode from gravity,
but at the same time to keep the full non-linear dynam-
ics of the scalar field and its coupling to matter. Thus
3 In DGP, LD ≡ M24 /M35 , where M5 is the 5D Planck mass and
in massive gravity, LD ≡ 1/m, where m is the graviton mass.
within its range of validity it describes important non-
linear phenomena of the theory, such as the Vainshtein
mechanism.
A viable theory of modified gravity must avoid the
vDVZ discontinuity [20], meaning that it should agree
with GR in the LD →∞ limit, at least for astrophysical
objects on solar system scales. This is accomplished by
the Vainshtein mechanism. Thus, in the decoupling limit,
we can make a direct comparison of a modified gravity
theory to GR.
The Lagrangian Eq. 2 is the most general effective the-
ory displaying the Vainshtein mechanism with no cou-
plings between the scalar and gravitational sectors that
can be obtained from the Horndeski action [66] in the
decoupling limit. A restricted sector of the decoupling
limit of dRGT massive gravity [33] is recovered by set-
ting c2 = −3/2, c3 = 3α/2, c4 = −α2/2, c5 = 0, ξ = 1 in
the Lagrangian (2) 4. The decoupling limit of the DGP
model [38] can be obtained by setting c2 = −3, c3 = −1,
ξ = 1/2, c4 = c5 = α = 0.
Although we mostly focus on the decoupling limit of
the DGP model and dRGT massive gravity, we expect
our results to generalize qualitatively to Galileon theo-
ries which retain a direct coupling between the scalar
and gravitational sectors. We work in the approximation
that the radius of the matter source Tµν is bigger than its
Schwarzschild radius RS . For Galileon theories, due to
their Vainshtein suppression near the source, the back-
reaction of the scalar field on the geometry is negligible
as long as Λ−1  RS and if the galileon decays at infin-
ity. As we will see below, there are also cases where the
galileon field grows quadratically at infinity, which after
backreacting on the metric drives it to a cosmological
spacetime. Near the source, our results should also give
a good qualitative approximation for this case. There-
fore, most of the features we will discuss in this work are
generic.
As a final caveat, there is the possibility that we do not
capture important properties of the full nonlinear system
beyond the decoupling limit. However, as argued in [39],
the decoupling limit solutions give the local dynamics
at scales within the present Hubble volume, the scale
on which the infrared modifications of gravity kick in.
Thus, solutions found in the decoupling limit should still
appear as transients lasting for long cosmological times
in the full theory [68].
III. THE DGP MODEL
We will first consider the DGP model, which is the sim-
plest setting in which the Vainshtein mechanism arises.
4 In the full decoupling limit of massive gravity the theory depends
on two parameters, α and β in the terminology of Refs. [43, 67].
When β 6= 0 there is a nonlinear coupling term between the
helicity–0 and –2 modes which cannot be removed by a local
field redefinition [33]. Here we will consider β = 0.
4The full action for the scalar field in the DGP decou-
pling limit can obtained from the Lagrangian (2) setting
c2 = −3, c3 = −1, ξ = 1/2, c4 = c5 = α = 0 [38]
S =
∫
d4x
[
−3(∂pi)2 − 1
Λ3
(∂pi)2pi + 1
2M4
piT
]
. (8)
Notice that the scalar self interaction term (∂pi)2pi is the
cubic galileon [22], ensuring that the equations of motion
for pi are second order in derivatives. If this were not the
case, then by Ostrogradsky’s theorem (see e.g. [69] for a
clear exposition) the Hamiltonian would necessarily be
unbounded from below, and stable solutions would not
exist. However, “ghost” instabilities can appear at the
nonlinear level if the kinetic term for perturbations on top
of a background acquire the wrong sign with reference
to other fluctuating degrees of freedom. This was the
main obstruction to obtaining a viable explanation for
the observed cosmological accelerated expansion in the
context of DGP [38, 70–73].
Varying the action (8) gives rise to the following equa-
tion of motion:
6pi + 2
Λ3
(pi)2 − 2
Λ3
(∇µ∇νpi) (∇µ∇νpi) + T
2M4
= 0 ,
(9)
where the metric is included to allow for easy conversion
between alternative foliations of Minkowski space. An
important length scale in this theory is the Vainshtein
radius RV , below which the non-linearities in the equa-
tion of motion become important. These non-linearities
are crucial for the Vainshtein mechanism. Continuity
with GR is recovered on length scales less than RV by
screening the scalar degree of freedom. This is crucial for
phenomenological applications of modified gravity mod-
els. The Vainshtein radius is given by
RV ≡ 1
Λ
(
M(r →∞)
M4
)1/3
, (10)
and retains its form in the decoupling limit as can be
seen from (7). Here, M is the mass of the source defined
by
M(r) ≡ −4pi
∫ r
0
dr′r′2T (r′) . (11)
From now on, we will measure all quantities in terms
of Λ and M4. We re-scale dimensionfull quantities by:
xµΛ→ xµ, pi/Λ→ pi and T/(M4Λ3)→ T , in which case
RV = (M(r →∞))1/3 . (12)
It can be checked from the equations of motion (9)
that this is equivalent to working with the dimension-
less density ρ = ρd/(M4Λ
3) where ρd is the dimensionful
density. For a sun-like star, ρd ∼ 1.4 × 103kg/m3 ∼
5.9 × 10−18GeV4 and the strong coupling scale is Λ ∼
M25 /M4 ∼ (1000km)−1 ∼ 1.8 × 10−21GeV. Using M4 =
2.4 × 1018GeV we get the dimensionless density, to be
used in our adopted units, of ρ ∼ 4.2× 1026.
For much of this work, we consider a simple spherically
symmetric non-relativistic source with central density ρ
and radius R0 described by
Tµν = diag
(
ρ exp
(
− r
2
R20
)
, 0, 0, 0
)
, (13)
Note that the source is exponentially close to zero for
r & R0. The Vainshtein radius for this source is given
by RV = (M(r → ∞))1/3 =
√
piρ1/3R0. For simplic-
ity we do not treat the internal dynamics of the source,
nor are we allowing it to evolve in the presence of the
scalar field. This is a convenience, and not a physical
choice. Nevertheless, we expect our results to be very
weakly dependent on the precise radial distribution of
T (r) and future work will incorporate the full dynamics
of a realistic source.
One can also consider a source with non-zero pres-
sure, which would have important effects on the solution
and its stability. For an increasingly relativistic source,
the trace of the energy momentum tensor shrinks, weak-
ening the coupling between the source and the scalar
(this has been shown to have important implications for
the Chameleon screening mechanism [11]). As another
example, in dRGT massive gravity the disformal cou-
pling ∂µpi∂νpiT
µν can give rise to instabilities whenever
p ∼ ρ [67].
Under the assumption of spherical symmetry, the equa-
tion of motion (9) for pi(r, t) can be written as
p¨i
(
6 + 8
pi′
r
+ 4pi′′
)
=
T
2
+ 12
pi′
r
+ 6pi′′ + 4(p˙i′)2
+ 8
pi′pi′′
r
+ 4
(pi′)2
r2
, (14)
where p˙i = ∂pi/∂t and pi′ = ∂pi/∂r. General solutions
to this non-linear partial differential equation are not
available, and a numerical analysis is required (see Sec-
tion IV A 1 below). Nevertheless, static solutions – which
establish the viability of the Vainshtein mechanism – can
be obtained analytically. Dropping the time-dependence
in Eq. (14) allows us to integrate it to obtain a simple
algebraic relation for Π ≡ pi′
4pir2
(
6Π(r) + 4
Π(r)2
r
)
=
M(r)
2
. (15)
This quadratic equation has two solutions given by
Π±(r) = −3r
4
±
√
rM(r) + 18pir4
4
√
2pir
(16)
which can be integrated once more to obtain the field
pi±(r). The scalar fifth force is proportional to Π±(r)rˆ,
and comparing with the Newtonian gravitational force
5on different scales one obtains:∣∣∣∣FΠ+Fg
∣∣∣∣∼ Π+/M4M/(M24 r2) ∼

(
r
RV
)3/2
if r  RV
1 if r  RV
(17)
∣∣∣∣FΠ−Fg
∣∣∣∣∼ Π−/M4M/(M24 r2) ∼

(
r
RV
)3/2
if r  RV(
r
RV
)3
if r  RV .
(18)
These are both screening solutions, since the fifth force is
suppressed on scales much smaller than RV , but compa-
rable to gravity at large scales. This is the simplest mani-
festation of the Vainshtein mechanism. For 0 r  RV ,
both solutions Π± decay as ∼ 1/
√
r, while for r  RV ,
Π+ ∼ 1/r2 and Π− ∼ r as shown in Fig. 1. Note
that in theories for which the quartic galileon is present,
such as in the decoupling limit of massive gravity stud-
ied in the next section, the suppression is even stronger:
Fpi/Fg ∼ (r/RV )2 for r  RV [35].
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FIG. 1. The two static screening solutions Π+ (solid) and Π−
(dashed) of equation (15). These solutions correspond to a
source radius of R0 = 1 and a Vainshtein radius RV ' 1000.
Both solutions grow as ∼ r inside of the source and decay as
as ∼ 1/√r outside the source for 0 r  RV . For very large
distances r  RV , Π− diverges as ∼ r, whereas Π+ ∼ 1/r2.
The asymptotically decaying solution Π+ gives rise to
an asymptotically flat spacetime gµν ∝ ηµν , whereas
Π− sources a spacetime with cosmological asymptotics
gµν = (1 − 34 Λ
3
M4
r2)ηµν . Note that this solution is dis-
tinct from the self-accelerating solution in DGP which
gives rise to a maximally symmetric de Sitter spacetime.
The self-accelerating solution has no sources and a scalar
field configuration of pi = −(1/2)Λ3xµxµ, leading to a
spacetime of the form gµν = (1− 12 Λ
3
M4
xµx
µ)ηµν which is
locally de Sitter (for times and physical distances much
smaller than LDGP ≡M24 /M35 ) [38].
These static solutions of the DGP theory are well
known, but very little is known about how equations of
the type (14) behave in the fully dynamical regime. We
attempt to address this here by considering the linear
and non-linear stability of the screening solutions, solv-
ing the full time-dependent equation of motion for the
DGP scalar field numerically.
IV. LINEAR AND NON-LINEAR STABILITY IN
THE DECOUPLING LIMIT OF DGP
Stability of the screening solutions to small perturba-
tions is a fundamental condition for their physical rel-
evance. The analysis of fluctuations around the static
screening solutions reveals that Π+ is stable to small
high-frequency fluctuations, but Π− is not (see also Ap-
pendix 2). To see this, consider small perturbations
δpi(r, t) about the screening solution, which have the ac-
tion:
Sδpi =
∫
d4x
[
1
2
Zµν∂µδpi∂νδpi +
1
2M4
δpiT
]
, (19)
where the kinetic coefficients are given by the effective
metric components
Ztt = −
(
6 + 8
pi′
r
+ 4pi′′
)
, Zrr = 6 + 8
pi′
r
,
r2Zθθ = r2 sin2 θZφφ = 6 + 4
pi′
r
+ 4pi′′. (20)
Therefore, although the field lives in flat space, it prop-
agates in the effective metric Zµν . For the asymptot-
ically flat solution, the matrix Zµν has the signature
of Minkowski spacetime. For the asymptotically non-
flat solution, the kinetic terms switch sign in relation to
other fluctuating degrees of freedom in Minkowski space.
This “wrong” sign in the kinetic term indicates a ghost,
first discussed in Ref. [70]. Dynamically, ghosts cause
problems when there is an interaction with another field
whose kinetic term takes the opposite sign. In the de-
coupling limit with fixed sources, the scalar field evolves
independently, and we therefore do not expect to see any
instabilities in either branch of solutions in what follows.
Fluctuations about the screening solutions can travel
superluminally. Fig. 2 shows the sound speed profiles,
calculated as cs =
√−Zrr/Ztt, for both branches of
screening solution. In both cases, there is superlumi-
nal propagation inside and outside of the source. Note
that for large r, fluctuations around Π+ travel luminally,
while fluctuations around Π− are subluminal and ap-
proach 1/
√
2.
Although DGP has fallen out of favour due to the pres-
ence of ghost instabilities and superluminal propagation
speeds [74, 75], both the ghostly and asymptotically flat
branches give us insight into how solutions of more com-
plicated, and theoretically consistent, cases of the general
theory Eq. (2) behave.
6cs for P+
cs for P-
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FIG. 2. The sound speed profiles corresponding to fluctua-
tions on top of the screening solutions, shown here for R0 = 1
and ρ = 105, giving RV ∼ 80. Superluminal propagation
cs > 1 can occur in both branches inside and outside of the
source. For large r, cs → 1 for the positive branch, while
cs → 1/
√
2 for the negative branch.
A. Dynamical approach to screening
We have seen that physically appealing static profiles
do exist as simple solutions to the equations of motion.
Do these equilibrium configurations actually form from
generic initial data, or is there an unstable or ill-defined
evolution? In other words, what possible initial configu-
rations of pi(r, t = 0) – if any – would dynamically evolve
to the screening solutions? Although a complete classifi-
cation of the possible initial data is not possible, we focus
on two representative cases: a spherical shell collapsing
on the screening solution, and evolution from vacuum.
1. Code description
The Vainshtein screening solutions arise from the non-
linear self-interactions of the pi field. The solutions of
interest are therefore fully in the non-linear regime of
the equation of motion, Eq. (14), where analytic solu-
tions beyond the perturbative regime are difficult to ob-
tain. Therefore, in order to fully explore the stability of
screening solutions and investigate the general properties
of time evolution, a numerical treatment is necessary.
We evolve Eq. (14) numerically using the method of
lines. Spatial derivatives were discretized on a fixed grid
size with typical resolutions dr = 1/25, dr = 1/50 and
dr = 1/100 using a second order differencing scheme.
We explicitly checked that our results do not depend on
the resolution. The resulting system of ordinary differ-
ential equations were then integrated using a fourth or-
der explicit Runge-Kutta method. The stability of the
evolution scheme relied on using stencils for both first
and second derivatives; a fully first-order formulation of
Eq. (14) (in both spatial and time derivatives) did not
yield stable numerical evolution. The spatial grid was
constructed on the finite interval [rmin, rmax]. Our re-
sults are independent of the interval chosen as long as
rmin is sufficiently small and rmax sufficiently large such
that the outer boundary remains causally disconnected
from the region under study. When dealing with the pos-
itive branch of solutions, we imposed Neumann boundary
conditions at both ends pi′(r = rmin) = pi′(r = rmax) = 0,
where this boundary condition at the origin is required
for the field to remain regular. However, for solutions
with cosmological asymptotics, the outer boundary con-
dition was adjusted to pi′(r) = Π−(r) at r = rmax, where
Π−(r) is from equation (16). The convergence of the code
with increasing resolution is as expected for a second or-
der scheme, see Appendix 1. As an additional test of
the code, many of our results were reproduced using the
Mathematica software.
2. Incoming spherical wave packet
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FIG. 3. The evolution of pi(r, t) (solid) for an initial condition
of the type (21) with A = 0.25, σ = 0.5, rw = 12. The screen-
ing solution Π+ is characterized by ρ = 100, R0 = 0.5, RV '
4. From left to right, top to bottom are snapshots taken at
t = 0, 10, 15, 23. The initial gaussian fluctuation is seen to
propagate away from the domain at close to the speed of light,
leaving behind the static screening solution at very late times.
The first family of initial data we consider are spherical
shells collapsing on the static screening solutions (16).
The source in the equation of motion is given by Eq. (13),
with variable ρ and R0. To obtain a screening solution we
must ensure that there is a significant hierarchy between
R0 and RV . For an object like the sun, with ρ ' 1026, we
have RV ∼ 109R0. Resolving such a hierarchy of scales
would be computationally intractable with our fixed grid
code; we must consider sources with a much more modest
hierarchy. We use R0 = .5 and ρ = 100, which gives a
Vainshtein radius of RV =
√
piρ1/3R0 ∼ 8R0.
7The initial data is given by:
pi(r, 0) = pi±(r) +
Ar2
(r2 + 2)3/2
exp
(
− (r − rw)
2
2σ2
)
,
p˙i(r, 0) = − Ar
2(r − rw)
σ2(r2 + 2)3/2
exp
(
− (r − rw)
2
2σ2
)
. (21)
where A and σ parametrize the amplitude and width of
the shell, localized at rw. The regulator   1 is to
ensure that the field is well defined at r = 0. Note that
this wave packet is purely in-going.
An example of the evolution is shown in Fig. 3, where
the wavepacket is characterized by A = 0.25, σ =
0.5, rw = 12. The incoming wavepacket perturbs the
screening solution pi+, and then dissipates out of the com-
putational domain leaving behind the original screening
solution. Similar behavior was observed when perturbing
the negative branch pi−. Exploring a wide range of A, σ,
we find that the screening solution is stable to a range of
nonlinear perturbations, although as we explain in more
detail in Sec. (V), large perturbations are problematic.
3. From vacuum to screening solutions
The second class of initial conditions we consider are
the two vacuum solutions to Eq. (14):
pi(r, 0) = 0 ,
pi(r, 0) = −3
4
(r2 − r20) , (22)
where r0 is a normalization parameter. In the presence
of a source, the vacuum initial conditions will necessarily
evolve. A priori there are a number of possible endpoints
to this evolution, but the expectation is that the static
screening solutions pi± are reached at late times. In order
to determine the endpoint of evolution from both vacuum
initial conditions, we perform numerical evolution in the
presence of sources with varying RV and R0.
Examples of time evolution from vacuum initial condi-
tions in the presence of a source with ρ = 100, R0 = 0.5
are shown in Fig. 4. In these examples, the pi+ screening
solution is reached from pi(r, 0) = 0 and the pi− solution is
reached from pi(r, 0) = − 34 (r2−r20). The initial condition
was set to match the screening solution at r = r0 = 50,
so the evolution is most visible for small r which is why
we only plot up to r = 2. The fact that the expected
screening solutions are reached as the endpoint of evo-
lution from vacuum initial conditions displays that the
screening solutions are quite robust to large perturba-
tions.
B. Quasinormal modes and tails of screening
solutions
The previous subsections focused on completely non-
linear evolution, and suggest that when perturbed, a
static screening solution behaves as a coherent object:
it vibrates and eventually settles down to the original
static solution. To understand this behavior more thor-
oughly, and to understand generic small fluctuations
of the screening solutions (16), we focus now on lin-
earized fluctuations, considering generic perturbations of
the form
pi(t, r, ϑ, ϕ) = pi±(r) +  δpi(t, t)Ylm(ϑ, ϕ) , (23)
where pi± is the static solution given by (16), Ylm(ϑ, ϕ)
are the usual spherical harmonics and  is a small book-
keeping parameter. Inserting (23) in equation (9) and
linearizing in  we find the equation for δpi,
Zttδ¨pi + Zrrδpi′′ + 2rZθθδpi′ − l(l + 1)Zθθδpi = 0 , (24)
where the coefficients Ztt, Zrr and Zθθ are those in equa-
tion (20).
We evolved Eq. (24) in time considering an initial
Gaussian wave-packet ˙δpi = Ar e
(r−rw)2/2σ2 . A typical
waveform is shown in Fig. 5 for R0 = 1 and ρ = 500.
This plot shows the value of the field as a function of
time at a specific position r, and has the same form re-
gardless of the position. The waveform consists of three
stages, familiar in the context of wave propagation in
curved spacetimes [76, 77]: a prompt response at very
early times, which depends on the details of the initial
data and is the analogue of on-light-cone propagation in
flat spacetime; at intermediate times the signal consists of
a series of exponentially damped sinusoids, termed quasi-
normal modes [76] which correspond to the “character-
istic modes” of the vibrating object. In this case the
vibrating object is the static screening solution, and the
fluctuations are damped because the system is intrinsi-
cally dissipative: energy flows to infinity. This stage is
universal and independent of the details of the initial
conditions. Finally, a power-law tail sets in at very late
times caused by backscattering off the scalar profile (in
complete analogy with backscattering due to spacetime
curvature [78, 79]). Comparison against the full nonlin-
ear evolution confirmed this typical behavior.
1. Quasinormal modes
To quantify the three stages of evolution, it is useful
to recast the evolution equation as a Schrodinger-type
equation in the frequency domain. Defining
ψ(t, r) = δpi(t, r)
r√
2
(−ZttZrr)1/4 , (25)
and a new coordinate r∗ by
dr
dr∗
= f(r) ≡
√
−Z
rr
Ztt
=
√
6 + 8Π/r
6 + 8Π/r + 4Π′
. (26)
we can rewrite Eq. (24) as a wave equation of the form[
∂2r∗ − ∂2t − V (r)
]
ψ(t, r∗) = 0 , (27)
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FIG. 4. Left panel: The evolution of pi(r, t) with pi(r, 0) = 0 and ρ = 100, R0 = 0.5, resulting in a Vainshtein radius RV ' 4. At
late times the solution approaches the static, asymptotically flat screening solution pi+(r) corresponding to the same parameters.
Right: The evolution of pi(r, 0) = − 3
4
(r2−r20) for ρ = 100, R0 = 0.5, r0 = 50, RV ' 4. The evolution drives the system towards
the screening solution pi− at late times.
where the effective potential V is given by
V = −r
2Zθθ
Ztt
l(l + 1)
r2
+
4Z2 + 3f
4(Zrr − 2)(Zrr + 6)
4r2f2Z2
+
f2Z2(r
2(f ′)2 − 8)− 8rff ′Z2 − 2r2f3Z2f ′′
4r2f2Z2
. (28)
Here, primes stand for radial derivatives and we defined
Z2 ≡ (Zrr)2. The effective potential V (r) in the back-
ground of Π+ is plotted in Fig. 6 for the monopole, dipole
and quadrupole components (l = 0, 1, 2). The shape is fa-
miliar from studies of wave quasinormal modes and tails
around black holes and neutron stars [76, 80, 81]. The
local maximum indicates that the effective metric Zµν
allows for unstable null circular geodesics, with the in-
stability timescale dictating the lifetime of fluctuations.
In analogy with the gravitational cases, we expect the
screening solutions to support quasinormal modes. These
modes can be understood as the scalar modes of vibra-
tion of a coherent object. Unlike normal modes, they
decay in time due to dissipation, where in this case dis-
sipation occurs due to the leakage of energy to infinity
(see Refs. [76, 80, 82] for reviews).
To perform a quantitative analysis, it is convenient to
go to fourier space:
(δpi(r, t), ψ(t, r∗)) = (∆pi(r, ω),Ψ(r, ω)) e−iωt . (29)
The equation of motion (24) and (27) are written as
Zrr∆pi′′ + 2rZθθ∆pi′ − (ω2Ztt + l(l + 1)Zθθ)∆pi = 0 ,
(30)[
∂2r∗ + ω
2 − V (r)]Ψ(r, ω) = 0 . (31)
At the origin the equation of motion admits the behavior
∆pi(r, ω),Ψ(r, ω)/r ∼ A1rl +A2r−(l+1) . (32)
Regularity of the field and its derivatives requires that
A2 = 0. At infinity one has
r∆pi(r, ω),Ψ(r, ω) ∼ B1eik∞r +B2e−ik∞r , (33)
where k∞ = ω in the background of Π+ and k∞ =
√
2ω
in the background of Π−. Requiring that the system is
otherwise isolated is tantamount to demanding Sommer-
feld outgoing boundary conditions, B2 = 0.
With the above two boundary conditions, Eqs. (30)
or (31) define an eigenvalue problem for the (generically
complex) quasinormal frequency ω = ωR + iωI . To com-
pute the eigenfrequencies we use a direct integration ap-
proach described in Refs. [83, 84]. Notebooks are avail-
able online [85]. We integrate from each of the bound-
aries towards a matching point where the wavefunction
and its radial derivative are required to be continuous.
For generic ω the continuity conditions are not satisfied,
unless ω is an eigenfrequency. One can then find the
eigenfrequencies using a standard shooting method. The
eigenfrequencies are typically ordered by increasing (ab-
solute value of) imaginary part, the fundamental mode
being the largest and longest-lived. The fundamental
overtone for l = 0 is shown in Fig. 7 as a function of
RV /R0, and is well approximated by
ωR ∼ 4.8
RV
, (34)
ωI ∼ − 4.8
RV
. (35)
This scaling is generic and does not depend on the de-
tails of the source. The frequency domain and time do-
main analysis agree extremely well with each other and
with the non-linear results, as summarized in Fig. 5. In
the background of Π− the time-domain profile suggest
that the quality factor ωR/ωI is smaller that in the back-
ground of Π+, that is ωR/ωI < 1. The method used in
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FIG. 5. Top panel: Linearized time-evolution of a Gaussian
wavepacket in the background of Π+ with amplitude A = 3,
width σ = 1 and localized at rw = 10. The radius of the
source is at R0 = 1. The waves are extracted at r = 2.
The intermediate-time behavior consists on an exponentially
damped sinusoid –called quasinormal mode – and the late-
time behavior is described by a power-law falloff of the field
δpi ∼ t−8. The observed behavior is in agreement with a
frequency-domain numerical and analytical calculation; see
text for further details.
Bottom panel: Same in the background of Π−. The time-
domain profile suggest that in this case the quality factor of
the fundamental quasinormal mode ωR/ωI is smaller than in
the background of Π+, i.e. ωR/ωI < 1.
the frequency-domain works well when ωR & ωI , thus in
the background of Π− we have not been able to compute
the quasinormal frequencies accurately. Nevertheless we
expect the scaling to follow closely Eqs. (34) and (35).
These results are very general; perturbed screening so-
lutions will ring, and the response will be dominated by
its lowest quasinormal modes. In the present setting,
gravitational degrees of freedom of the source are frozen.
Once they are allowed dynamics, and second quasinormal
mode stage will appear, corresponding to the oscillation
of the source itself [77]. Source dynamics are presum-
ably already well understood in GR, the ringdown stage
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FIG. 6. Effective potential in the background of Π+ for R0 =
1, RV = 10 and different multipoles l. In the background of
Π− the potential is qualitatively similar.
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FIG. 7. Fundamental quasinormal modes of the scalar field
in the background Π+. The full lines correspond to the nu-
merical results, whereas the dashed lines show the analytic
approximation at low frequencies. The top and bottom pan-
els show the real part, ωRR0, and the imaginary part, ωIR0,
of the mode as a function of the Vainsthein radius RV /R0.
we described is new and can be assigned entirely to the
large-scale scalar field screening solution. The time scale
of the ring-down is proportional to the Vainshtein radius
and we explicitly checked that this scaling is independent
on the source functional form, showing that the static so-
lutions behave as large-scale objects localized at RV .
2. Late-time power-law tails
A thorough study of the late-time behavior of equa-
tions of the form (31) was performed in Ref. [78, 79]. A
late-time power-law tail of the form ψ ∼ t−β is caused by
back-scattering off the (efective) spacetime curvature at
large distances (mathematically this is due to a branch
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cut in the Green’s function) and has the form
lim
t→∞ψ(r∗, t) = t
−2l−α , for lim
r∗→∞
V =
l(l + 1)
r2∗
+
K
rα∗
,
(36)
with l an integer and K is a constant that depends on l
and M(r → ∞). In the background of Π± the effective
potential (28) has the large distance asymptotic behavior
V ∼ l(l + 1)
r2∗
+
K
r8∗
. (37)
Thus, spherically symmetric fluctuations (l = 0) are ex-
pected to decay as t−8 at very late times for both the Π+
and Π− background solutions 5. Such decay is consistent
with our findings in Fig. 5. For higher multipoles, the
above analysis predicts a decay ψ(r∗, t) ∼ t−2l−8 at late
times.
Note that the features we described are generic to
any kind of scalar field with non-linear kinetic terms.
In particular, our analysis imply that perturbations of
galileons [22] will display similar late-time behavior.
V. CAUCHY BREAKDOWN
We have shown in the previous sections that the static
screening solutions are stable against a variety of fluc-
tuations. In this section we want to give a quantitative
measure of how robust the are solutions against large
perturbations.
In theories described by Eq. (2), scalar fluctuations
propagate in an effective metric Zµν . As shown in Ap-
pendix 2, for the evolution problem to be well posed
(i.e., that the solution is unique and depends continu-
ously on the initial data), the initial data must be such
that the effective metric Zµν has a Lorentzian signature,
e.g., det(Zµν) < 0 everywhere in space, and surfaces of
constant time are required to be spacelike, Ztt < 0.
However, even within this restricted class of initial
conditions, problems can still arise because of the non-
linearity of the equations. Since the spacetime metric is
in general different from the effective metric Zµν , and
it is possible that Ztt → 0 in the absence of any other
pathologies like singularities or horizon formation (in fact
we will mostly deal with a flat spacetime metric). For
DGP the relevant components of the effective metric for
a time-dependent background are given by
Ztt = −
(
6 + 8
pi′
r
+ 4pi′′
)
, Zrr = 6 + 8
pi′
r
− 4p¨i ,
Ztr = 4p˙i′ , r2Zθθ = 6 + 4
pi′
r
+ 4pi′′ − 4p¨i . (38)
5 For the special case of static initial data the power changes to
t−9.
If at any point in spacetime Ztt → 0, the Cauchy prob-
lem breaks down because the surfaces of constant time
become null with respect to the effective metric, i.e.,
Zµν∂µt∂νt→ 0. When this happens, the numerical evo-
lution ceases to be possible past this point, and it is
possible that the theory itself ceases to be well defined.
Similar issues have been reported recently in the con-
text of k-essence models [51–53]. We refer to this issue
(Ztt = 0) as Cauchy breakdown, following earlier nomen-
clature [53]. Substituting the static screening solutions
into Ztt gives that Ztt < −6 for Π− and Ztt > 12 for Π+,
so Cauchy breakdown is not an issue initially. However,
if we perturb the static screening solution, Ztt could pass
through zero at a finite r and t.
Besides the issue of Cauchy breakdown, we might also
expect that in some situations, regions can form where
Zrr → 0, Zθθ → 0 or any of the eigenvalues of the ma-
trix Zµν given by Eq. (85) cross zero. For time-dependent
backgrounds we have Ztr 6= 0, so regions where Zrr → 0
are not physical singularities but are rather regions where
a sound horizon forms. This is a typical feature of non-
linear fields with non-linear kinetic terms [51–53, 86, 87]
and it is to be expected in regions where the propaga-
tion speed of the fluctuations is much smaller than the
propagation speed of the background. However, as dis-
cussed in Appendix 2, regions where Zθθ (or any other
eigenvalue of Zµν) switch sign, are prone to instabili-
ties. The timescale of these instabilities generically scales
with τ ∼ Λ−1. In a dynamical setup local instabilities
can arise for a small amount of time, tdin, and in small
regions in space. These instabilities are not necessarily
catastrophic as long as the instability timescale τ & tdin.
Furthermore, looking at (38) we expect that if any unsta-
ble region forms for long times, the development of this
instability will make derivatives of the fields grow and
will likely be followed by Cauchy breakdown.
Cauchy breakdown occurs in a wide variety of scenar-
ios, which we can study using the numerical methods de-
scribed in Sec. IV. For the class of initial data described
in Eq. (21), Cauchy breakdown occurs at fixed σ for a suf-
ficiently large amplitude A. Using this set of initial data
for the Π+ branch, neither sound horizon regions nor un-
stable regions form. On the other hand for Π−, sound
horizons and unstable regions can form for a finite time
before Cauchy breakdown. If the fluctuations are suffi-
ciently small these regions eventually disappear when the
wave dissipates to infinity with a timescale smaller than
the instability timescale. But if the fluctuations are suf-
ficiently large, following the onset of these instabilities,
Cauchy breakdown will always occur.
In Fig. 8, we show the evolution of Ztt for a wave
packet with A = 1, σ = 0.5, rw = 12; evolution cannot
proceed past t ∼ 9.8, where Ztt ∼ 0.
To understand the set of initial conditions described by
Eq. (21) that lead to well-defined time-evolution, we have
performed an extensive search for Cauchy-breakdown in
the Π+ branch (results are qualitatively similar for the
Π− branch). Our results are summarized in Fig. 9. In the
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FIG. 8. The evolution of Ztt given in (20) to Cauchy break-
down, with the initial condition (21) with A = 1, σ =
0.5, rw = 12. The source is characterized by ρ = 100, R0 =
0.5, RV ≈ 4.
left panel, we fix the source properties to be R0 = 1 and
ρ = 50, 200 and study wavepackets with varying width.
We also compare the results to the case where there is
no source. The algorithm we used to find the critical
amplitudes at which Cauchy-breakdown occurs is the fol-
lowing: starting from σ0 = 0.3 and Ainit = 0.01, we in-
crease A by steps of δA = 0.01 until we locate the critical
amplitude Acrit at which Z
tt → 0 is reached somewhere
during the evolution (the time evolution terminates when
this occurs). For amplitudes above this critical thresh-
old, Cauchy breakdown occurs. When this happens we
break the loop, starting a new loop for σ1 = σ0 + δσ
(we used δσ = 0.05), and using Acrit as the new Ainit for
this loop. We implemented this algorithm in the range
0.3 ≤ σ ≤ 1.5. In the right panel, the width of the wave
packet is fixed at σ = 0.5 and the size of the source fixed
to be R0 = 1. We then locate the critical amplitude at
which Cauchy breakdown occurs for varying Vainshtein
radius, or equivalently, varying central source densities
ρ. We have explicitly checked that results for all simu-
lations are independent of rw, the initial pulse location,
when rw & RV .
Examining the left panel of Fig. 9, there are several
clear trends. In vacuum the critical amplitude is fairly
well fit by a power law with Acrit ∝ σ3. On the other
hand, for both source densities, the critical amplitude is
fitted by a broken power law with Acrit ∝ σ3 at small
widths and Acrit ∝ σ2 at widths O(1) and larger. Com-
paring the two densities we have sampled, we can also
conclude that higher density sources are more robust to
Cauchy breakdown for a fixed perturbation amplitude.
Since the perturbation is riding on a larger background
screening solution, larger amplitudes are necessary to
drive Ztt → 0. From the right panel of Fig. 9, this in-
crease in Acrit appears to scale roughly with R
3/2
V (in
terms of density, Acrit therefore scales like ρ
1/2).
For vacuum initial conditions Eq. (22), we also find
Cauchy breakdown, which is normally preceded by the
formation of a sound horizon and an unstable region for
both branches. To investigate the types of sources for
which this occurs, we have simulated evolution in the
presence of sources with radii between 0.1 ≤ R0 ≤ 3
and Vainshtein radii between 1 ≤ RV ≤ 50. For suffi-
ciently small central densities, a wavepacket forms, tak-
ing the initial conditions to the final screening solution.
Additional fluctuations are dissipated out of the compu-
tational domain, leaving the screening solution. For RV ,
or equivalently ρ, larger than a critical threshold, the
wavepacket overshoots the screening solution and the Ztt
factor to pass through zero causing Cauchy breakdown.
We characterize the parameter space leading to Cauchy
breakdown in Fig. 10. For pi(r, 0) = 0 we find that for
values above RV /R0 ∼ 15.7 there is Cauchy breakdown.
We obtain a qualitatively similar result for quadratic vac-
uum initial conditions.
Based on these results, we see that the Vainshtein
screening solutions in DGP are dynamically stable to a
wide variety of perturbations. In all cases, as long as
Cauchy breakdown is avoided, the screening solution is
approached at late times. Sources with large central den-
sities (and correspondingly large hierarchies between the
source size and Vainshtein radius) are more robust to
perturbations. A screened object is therefore most vul-
nerable when it is in a low density state – first starting
to collapse. In general, the presence of sources makes the
theory less susceptible to Cauchy breakdown, but there
is nevertheless a restriction on initial data that leads to
well-posed evolution.
A. Coordinate invariance of Cauchy breakdown
Cauchy breakdown could be either a point where the
theory breaks down [88] or an artificial problem due to
the way we choose to slice the spacetime. In fact, locally,
Zµν can always be brought to the Minkowski form by
the appropriate coordinate transformation, as long as the
hyperbolicity condition, det(Zµν) < 0, is met. However,
since the matter fields evolve in the spacetime metric,
we have to consider also the dynamics in the metric ηµν .
To have a well-posed Cauchy problem we must have a
common family of Cauchy surfaces with respect to ηµν
and the effective spacetime metric Z−1µν [89], where Z
−1
µν is
the inverse of Zµν , i.e., Z−1µν Z
µν = δνµ. If det (Z
µν) 6= 0,
for spherically spacetimes we have
Z−1tt =
Zrr
ZttZrr−(Ztr)2 , Z
−1
rr =
Ztt
ZttZrr − (Ztr)2 ,
Z−1tr =
Ztr
(Ztr)2−ZttZrr , Z
−1
θθ =
1
Zθθ
. (39)
Consider a general spacelike hypersurface, with respect
to Minkowski spacetime, with unit normal nµ such that
ηµνn
µnν = −1. Working in spherical symmetry, and only
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FIG. 10. For the initial condition pi(r, 0) = 0, Cauchy break-
down occurs in the region above the curve. The trend shows
that above RV /R0 ∼ 15.7 there is Cauchy breakdown.
considering general coordinate transformations of r and
t, the most general unit normal is:
nµ = (A(r, t),
√
A(r, t)2 − 1, 0, 0) , (40)
for an arbitrary spacetime function |A| > 1. We want
to know if there is any choice of A which keeps the unit
normal timelike with respect to the effective spacetime
Z−1µν :
Z−1µν n
µnν < 0 . (41)
Expanding out we obtain,
Z−1tt A
2 + 2Z−1tr A
√
A2 − 1 + Z−1rr (A2 − 1) < 0 . (42)
In particular, when Cauchy breakdown occurs, we have
Z−1rr =
Ztt
ZttZrr−(Ztr)2 = 0, so the above inequality simpli-
fies to:
Z−1tt < −2Z−1tr
√
1−A−2 . (43)
In the limit of large A, we have:
Z−1tt < −2Z−1tr . (44)
In the limit of A = 1 +  with  1, we have:
Z−1tt < −
√
2Z−1tr (45)
The stronger condition is the first one. Using Eq. (39)
we conclude that it is possible to find a common space-
like surface in both the flat and effective spacetimes only
when:
Zrr < 2Ztr . (46)
For all cases we studied we found that this is never satis-
fied when Cauchy breakdown occurs. To understand this
consider the DGP model with the effective metric given
by (38). Using Ztt = 0 and (38), the condition (46) reads
− 4(pi′′ + 2p˙i′ + p¨i) < 0 . (47)
Cauchy breakdown generically occurs inside regions
where gradients become large and do not have a def-
inite sign. For example, for large fluctuations of the
background static solutions, they occur at the peak of
the traveling wave packet (see Fig. 8). Approximating
the wave packet by a Gaussian of the form (21), we see
that second derivatives are all negative at the peak of
the Gaussian. Thus Eq. (47) is not satisfied there. This
means that, for the cases we considered, Cauchy break-
down is a real physical problem and not simply an arti-
ficial coordinate singularity.
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As a final remark, notice that Ztt changes sign between
Π+ and Π−, which is a result of the fact that Π+ > 0
and Π− < 0. This means that there is no way for time
evolution to connect one branch of solutions to the other
without going through a region where Cauchy breakdown
occurs. In addition, it is impossible to construct a space-
time containing local regions of each branch. For exam-
ple, one cannot match the negative branch on r < r∗
onto the asymptotically flat solution for r > r∗ since Ztt
would have to cross zero. An indication that such solu-
tions do not exist (beyond the decoupling limit) has been
presented in Ref. [90] (for similar considerations in dRGT
massive gravity see Ref. [91]).
VI. COLLAPSING AND EXPLODING SOURCES
In this section we consider a dynamical source T (r, t)
in order to model astrophysical phenomena where the
source undergoes gravitational collapse into a relativis-
tic object (e.g. a neutron star) or explodes (e.g. as in
a supernova). Our models for the source are not phys-
ical in the sense that there is no underlying model, but
rather are intended to give qualitative information on the
possible evolution of pi.
The first example we consider is a collapsing source.
For simplicity, we assume that the relative contribution
from pressure and density change in time, but the source
radius does not. Our model for the energy momentum
tensor is:
T00 = ρ exp
(
− r
2
R20
)
,
Txx = Tyy = Tzz =
ρ
3
exp
(
− r
2
R20
)[
1− e−t/τ
]
. (48)
Thus, the source becomes relativistic, with an equation
of state p = ρ/3 on a timescale τ . We begin with the
field at rest in one of the screening solutions Π±. For
adiabatic collapse τ →∞, the field evolves as the source
collapses to reach the vacuum solutions described above
(either pi = 0 or pi ∼ r2). However, a source which col-
lapses instantaneously corresponds to a large perturba-
tion around the vacuum solutions, which from the results
of Sec. V, can be vulnerable to Cauchy breakdown. This
suggests a critical collapse time constant, τ = τc, below
which Cauchy breakdown occurs.
In Fig. 11, a sample evolution is plotted for a collapsing
source defined by parameters ρ = 2000, R0 = 1, τ = 1.
In this example, the perturbation created by the collapse
causes Cauchy breakdown at t = 5. Increasing the value
of τ allows for a well-defined evolution. By fixing R0 = 1
and varying ρ, we found that as the density increased,
the corresponding time constant increased as well, in a
linear fashion. Specifically, for both branches of solution,
we found that τc ∼ 0.0005ρ.
Before Cauchy breakdown, the collapse seems to be
generically preceded by the formation of an unstable re-
gion near the origin, where Zθθ changes sign. Neverthe-
less, we always observe that the dynamical evolution is
eventually stopped by Ztt → 0 before eventual unstable
modes have time to grow.
Now let’s consider the opposite effect: an exploding
source. We once again begin with an initially screened
source, and then model the “explosion” as an outgoing
spherical shell of dust travelling at the speed of light:
Tµν = diag
(
ρ
f(t)
exp
(
− (r − t)
2
R20
)
, 0, 0, 0
)
. (49)
where f(t) is defined so that the mass at infinity has the
same constant value as previously, specifically, M(r →
∞) = pi3/2ρR30 for all t. This implies that
f(t) = (1+2t2/R20)(1+Erf(t/R0))+(2t/(
√
piR0))e
−t2/R20 .
(50)
We stress that this is not a physical model for an explod-
ing source, but rather a simple test of the response to
dynamical sources.
Starting with a screening configuration, as the source
explodes, the scalar field relaxes to its vacuum state,
while emitting a wave packet that travels with the source
as it moves off to infinity. To illustrate this phenomena,
we show the evolution of the field in Fig. 12 for the case
of a source with ρ = 1500 and R0 = 1. Once again, one
can imagine that for a source that is sufficiently dense, a
sound horizon and an unstable region can form when the
source explodes due to regions where fluctuations propa-
gate subluminally. These will generically happen before
Ztt → 0 and can eventually disappear if the source is not
too dense. However if the source is too dense, the induced
perturbation in the scalar field will be enough to drive
Ztt to zero, causing Cauchy breakdown. The right panel
of Fig. 12 shows the evolution of the Cauchy breakdown
factor corresponding to the scalar field shown in the right
panel. For this example, Ztt safely avoids crossing zero,
so the evolution remains well-defined.
To analyze the possibility of Cauchy breakdown in
more detail we calculated the critical density ρc for var-
ious source sizes R0, so that Cauchy breakdown is in-
evitable for ρ > ρc. As the source size increases, the
corresponding critical density increases as ρc ∼ 2000R0
(consistent with both branches). Once again, very dense
compact objects can cause problems for the evolution.
There are two relevant timescales for explosion or col-
lapse: the crossing time of the source R0 and the crossing
time for the screening solution RV . The longer timescale,
RV , sets the response time for the screening profile to
changes in the source. In realistic scenarios, R0  RV ,
and collapse or explosion will occur effectively instanta-
neously on timescales over which the screening solution
can adjust. Therefore, we conjecture that Cauchy break-
down will be a problem for any realistic violent astro-
physical process. However, to study breakdown in more
detail, it is necessary to go beyond the decoupling limit
and consider realistic dynamical sources.
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FIG. 11. An example of evolving towards Cauchy breakdown for a collapsing source of the form (48) with ρ = 2000, R0 = 1
and τ = 1. Left panel: the evolution of pi(r, t) starting from pi+(r). It is driven towards the vacuum pi(r, t) → 0 as the source
collapses (until Cauchy breakdown is reached).
Right: The corresponding factor Ztt (38) that crosses zero at t = 5 resulting in Cauchy breakdown
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FIG. 12. A sample evolution for an exploding source that evades Cauchy breakdown. The source has the form (49) with
ρ = 1500 and R0 = 1. Left panel: the evolution of pi(r, t) starting from pi+(r). It is driven towards the vacuum pi(r, t) → 0 as
the source explodes, while a localized packet follows the travelling source off to infinity.
Right: The corresponding factor Ztt (20). A perturbation is created that safely travels off to infinity without crossing zero,
thus avoiding Cauchy breakdown.
VII. ASYMMETRIC SCREENING SOLUTIONS
In the previous sections we have been concerned about
the linear and non-linear stability of the spherically sym-
metric screening solutions. We now wish to understand
if these screening solutions can be generalized when we
give up spherical symmetry.
Our numerical search for quasinormal modes in
Sec. IV B did not yield any zero-frequency mode. In
other words, we were not able to find any regular, asymp-
totically flat static solution to the linearized equation of
motion (24) (apart from the trivial solution for l = 0).
This can be considered a simple version of a “no-hair” re-
sult for screening solutions: no static multipoles – other
than the spherically symmetric monopole – are allowed
to anchor onto spherically symmetric sources.
Does this result generalize for non-spherically-
symmetric sources? Do the scalar multipoles anchor
on higher source-multipoles? One possibility to study
this issue is to look for nonlinear, asymmetric solutions.
Given the structure of the equations of motion, such solu-
tions are not trivial to find, although particular solutions
can be built. Take for instance
pi = pi1 cos
2 ϑ . (51)
The field equations yield powers of cosϑ which can be
matched to T order by order in powers of cosϑ. Given
a zeroth-order source function, the zeroth-order equation
can be solved for pi1, and the remaining equations will
then determine the source multipoles. For example, with
15
-0.5
-0.5
-0.3 -0.2
-0.1
-2 -1 0 1 2
-2
-1
0
1
2
x
z
FIG. 13. Contour plot of the y = 0 slice of density profile
(56) describing two lumps of matter, here for ρ = 1, z0 =
0.9, R0 = 1.
the ansatz Eq. 51 we find the following solution for the
equations of motion (9), yielding a quadrupolar static
solution
pi = − r
2
24
T0 cos
2 ϑ , (52)
T = T0(r) +
r
36
(T ′0(108− T0 + 2rT ′0)) cos2 ϑ
− r
36
(rT ′′0 (T0 − 18)) cos2 ϑ
+
r
72
(−T ′0(2T0 + 13rT ′0) + 2rT ′′0 (T0 − rT ′0)) cos4 ϑ .
(53)
This nonlinear solution represents a field strongly local-
ized close to the source. However, for most quadrupolar
source distributions T (r, θ), −T is not positive definite
implying that there are regions where ρ < 3p. Nonlin-
ear solutions for higher multipoles can be found with the
same scheme; they share similar properties.
A more robust method to look for asymmetric solutions
builds on the nonlinear spherically symmetric solution
for spherical sources (16). Realistic stellar – and other
– sources are approximately spherically symmetric, and
it is therefore appropriate to search for small deviations
from spherical symmetry in both the source and the field.
Specifically, we expand
T = T0(r) + 
∑
l=1
tlm(r)Ylm(ϑ, ϕ) , (54)
pi(r) =
∫ r
Π±(u)du+ 
∑
l=1
δpi(r)Ylm(ϑ, ϕ) . (55)
We defined T0 ≡ 2
√
piT00 and take this to be the dom-
inant contribution. The components tlm can be di-
rectly related to the more standard density moments
vlm ∝ tlm(r)rl+2dV where dV is the volume element, in
terms of which the gravitational potential multipole mo-
ments are usually expressed. Note that the dipole com-
ponent vanishes for sources which are symmetric around
the equator, while the quadrupole component is directly
tied to the inertia tensor. For example, let’s take two
clumps of matter of the form (13), describing a deformed
body,
T (r) = −ρ
2
(
e−(x
2+y2+(z−z0)2)/R20 + e−(x
2+y2+(z+z0)
2)/R20
)
.
(56)
This distribution represents two bodies localized at ±z0
on the z-axis, and is axially symmetric as shown in
Fig. 13. For z0 = 0 we recover the density distribution
(13), so z0 can be treated as an expansion parameter. All
multipoles moments tlm vanish for m 6= 0 (because the
distribution is axially symmetric) and for odd l (because
it has equatorial symmetry). For small z0, the lowest
multipoles are
T0 = 2
√
pit00 = −ρ e−r2/R20 , (57)
t20 =
8
3
√
pi
5
r2z20
R40
T0 , (58)
t40 =
32
√
pi
315
r4z40
R80
T0 . (59)
For a general source with multipoles tlm(r), the equa-
tion of motion for δpi is given by:
4r2(3r + 4Π±)2δpi′′ + 2
(−12rΠ± − 8Π2± + r2(−18 + T0)) (l(l + 1)δpi − 2rδpi′) = −r3(3r + 4Π±)tlm (60)
This inhomogeneous ordinary differential equation can
easily be integrated to yield solutions for δpi. Solutions
exist for any source and decay at large distances as r−l−1.
Computing the components tlm(r) of the source
Eq. (56) around the Π+ background, we integrate the
equation above requiring regularity at the origin and van-
ishing field at infinity. This can be done using a standard
shooting method using the constant A1 of the expansion
at the origin (32) as a shooting parameter. Some so-
lutions are shown in Fig. 14 (results for Π− are qual-
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itatively similar). For very large densities the screen-
ing behavior of the different multipoles is apparent. For
R0  r  RV the field decays as r−l/2 indicating that in
the Vainshtein regime higher multipoles have a stronger
suppression than the monopole. The suppression of their
contribution to the fifth force compared to the multi-
poles of the Newtonian gravitational force Fg ∼ r−(2+l)
are given by∣∣∣∣Fl>0Fg
∣∣∣∣ ∼ ( rRV
)1+l/2
if R0  r  RV . (61)
Finally, our results show that for R0  r  RV the
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FIG. 14. Hairy solutions for different multipoles l, here shown
for RV = 100, z0 = 0.9, and compared to Π+. For R0  r 
RV the field decays as
√
ρzl0r
−l/2 while for r  RV they decay
as ρzl0r
−(l+1).
field is proportional to
√
ρzl0, whereas for very large dis-
tances it is proportional to ρzl0, for any multipole l. We
conclude that tidal forces due to the scalar are subdom-
inant to gravitational tidal forces inside the Vainshtein
radius, and so the spherically symmetric approximation
is, in general, a very good approximation to compute the
fifth force around non-spherical stars.
VIII. COMPARING WITH MASSIVE GRAVITY
IN THE DECOUPLING LIMIT
Let us now make a comparison with ghost-free dRGT
massive gravity [32],[33] which shares many features of
the DGP model described above in the decoupling limit.
Here, we consider a specific class of massive gravity in
which one of its two free parameters is set to zero, making
it possible to completely decouple the scalar and tensor
modes. We’ll see that a few features of massive gravity
make the analysis different than DGP: a quartic galileon
term, an extra free parameter α in the theory, and an
extra non-minimal coupling to matter in the equations
of motion of the form ∇µ∇νpiTµν . Strong constraints on
this coupling can be found in Refs. [92, 93]. Also note
that for a time-dependent field this coupling will change
the Vainstein radius [92]. However for small fluctuations
around the screening solutions, this change is in general
highly suppressed so we will keep working with the static
quantity RV .
The scalar mode that arises in massive gravity is es-
sentially the longitudinal mode of the graviton, and in
the decoupling limit, described in Sec. II, its dynamics
can be solved for, independently of the other degrees of
freedom. Following the derivation in the Appendix 3,
under the assumption of spherical symmetry pi = pi(t, r),
the equation of motion (93) for the longitudinal mode of
the massive graviton in the decoupling limit for a non-
relativistic source (T0i = Tij = 0) is
− T + 2αT 00p¨i = −3p¨i + 3pi′′ + 6
r
pi′+
6α
(
2
r
p¨ipi′ − 1
r2
(pi′)2 − (pi′)2 + p¨ipi′′ − 2
r
pi′pi′′
)
+
6α2
(
2
r
pi′(pi′)2 − 1
r2
p¨i(pi′)2 − 2
r
p¨ipi′pi′′ +
1
r2
pi′′(pi′)2
)
.
(62)
Recall that we are imposing our choice of units: M4 =
Λ = 1. Further, we assume the same static source of
density ρ, radius R0 and mass M as given in (13). For the
metric, the spherically symmetric ansatz is h00 = a(r, t)
and hij = f(r, t)δij . Once a solution for pi(r, t) is found,
one can then find the metric functions using equations
that result from variation of (88) with respect to hµν :
f ′ = −M
r2
+ pi′(1− αpi
′
r
), (63)
a′ = −M
r2
+ rp¨i − rf¨ − pi′ − 2αp¨ipi′ . (64)
Analysis of static screening solutions can be found in
Refs.[42, 67]. Let us highlight some of their results.
In this case, we can write (62) as a cubic (rather than
quadratic as in DGP) polynomial in λ = pi′/r:
3λ− 6αλ2 + 2α2λ3 = M(r)
4pir3
. (65)
There are three solutions to (65), that we denote as
λ1, λ2, λ3. When the solutions are evaluated for small
values of r outside of the source (R0 < r  RV ), it is
clear that only λ1 is real, and λ2, λ3 are imaginary in
this regime. Therefore, we can take λ1 to be our static
solution and disregard λ2,3. The expression for λ1 in this
limit is valid for positive or negative values of α and can
be written
λ1(R0 < r  RV ) ∼ 1
α
+
RV
|α|2/3r +
r
2|α|4/3RV . (66)
For the sake of completeness, we give the full expression
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here
λ1 =
1
α
+
(2pi)1/3r
α
(
4pir3 + αM(r) +
√−16pi2r6 + αM(r) (8pir3 + αM(r)))1/3
+
(
4pir3 + αM(r) +
√−16pi2r6 + αM(r) (8pir3 + αM(r)))1/3
2α(2pi)1/3r
.
(67)
The interesting fact is that the asymptotic behavior of
λ1 is very different depending on the sign of α:
λ1(r →∞) =
{
3+
√
3
2α if α > 0
0 if α < 0 .
(68)
Plugging the asymptotics (68) into (63), (64), we see that
when α < 0 it is possible to have an asymptotically flat
spacetime: a ' f ' M/r. However, when α > 0, we ob-
tain a non-trivial background with cosmological asymp-
totic behaviour: a ' −r2λ1/2, f ' r2λ1(1 − αλ1)/2.
This begs the question: what value can this free parame-
ter α take? It was shown in [67] that α > 0 is required to
avoid a ghost instability, so let us examine this in more
detail.
As introduced in section IV and further discussed in
Appendix 2 the stability of the solution can be inferred
from the term multiplying p¨i in Eq. (62). For this theory,
the factor we are concerned with is
ZttMG =− 3− α
(
2T 00 − 6pi′′ − 12pi
′
r
)
− α2
(
6(pi′)2
r2
+
12pi′′pi′
r
)
. (69)
The requirement for the stability of the static solu-
tion (67) against high-frequency modes can be shown to
be equivalent to require ZttMG < 0 at all points in space-
time, which can be used to put constraints on the the-
ory’s free parameter α. Analyzing the ZttMG factor leads
to the realization that it is possible to have ZttMG > 0
inside the source for negative values of α. The novel cou-
pling of pi to the energy-momentum tensor plays a key
role for this to happen. Note that in the background of a
static solution, ZtrMG = 0, so the condition for the Cauchy
breakdown ZttMG = 0 is also the condition for the solution
to be marginally stable. In general ZttMG < 0 for all posi-
tive α and the spatial components of the effective metric
ZrrMG and Z
θθ
MG are positive for all values of α (as long
as we neglect pressure), so our only concern is that ZttMG
becomes positive when α is negative. Setting R0 = 1 in
Eq. (13) and using the relation pi′ = λ1r, the term ZttMG
can be written in terms of a single parameter κ ≡ αρ.
One finds that ZttMG > 0 inside the source for κ < −6.
Therefore, as long as α > −6/ρ, the solution is stable, as
shown in Fig. 15.
For physically realistic values (ρ ∼ 1026 for a sun-like
source), the window of stability −6/ρ < α < 0 is quite
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FIG. 15. The factor ZttMG for various values of κ ≡ αρ. The
solution is unstable for κ < −6.
small so we conclude that the only valid static screening
solution in the massive gravity decoupling limit is the one
with cosmological asymptotics. As shown in [67], this
solution is stable against linear perturbations. In addi-
tion, fluctuations remarkably propagate with sub-luminal
speeds.
We have thus seen how the extra free parameter α and
the new coupling ∇µ∇νpiTµν give some qualitative dif-
ferences to the static spherically symmetric solutions in
massive gravity as compared to DGP. But at this point,
the study of dynamical solutions is quite similar to the
DGP case, except we only have one branch of static solu-
tion to analyze. We can use the same numerical method
to solve the time-dependent equation (62) and perform
the same tests as we did in the DGP model.
A. Linear and non-linear stability of dRGT gravity
in the decoupling limit
An analysis of the non-linear stability of the static
screening solution (67) revealed what we expected from
our detailed study of the DGP model: the static solu-
tion is reached as the endpoint of the evolution for the
gaussian wavepacket considered in Section (IV A 2), as
long as the fluctuation is small enough compared to the
background solution; the static solution is also reached
considering the quadratic vacuum initial conditions de-
scribed in Section (IV A 3), as long as RV /R0 is suffi-
ciently small.
However, for large perturbations we found some dif-
ferent qualitative features which are due mainly to two
reasons: the additional coupling to matter ∇µ∇νpiTµν ;
and the big hierarchy between Zθθ and Ztt of the effective
metric, Ztt  Zθθ [22]. The components of the effective
metric can be found in the Appendix 3 (see Eq. (94)).
Due to the extra coupling to matter the theory is less
prone to suffer Cauchy breakdown near the source than
in DGP. This can be traced back to the fact that inside
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the source, fluctuations are highly suppressed due to this
term [67]. In fact, when pressure is neglected, ZrrMG, Z
θθ
MG
will always change sign before Cauchy breakdown occurs
due to the big hierarchy between the different compo-
nents of the metric Zµν . The conditions for this to occur
are qualitatively similar to the ones we found in Sec-
tion (V). For very large fluctuations, we were not always
able to evolve past these points, most likely due to the
excitation of high-frequency unstable modes. However,
we expect that the formation of these unstable regions
causes an enhancement of gradients of the field, making
Cauchy breakdown inevitable. Cauchy breakdown was
more easily observed outside the source where we checked
that the condition (46) was satisfied, showing once again
that Cauchy breakdown is a coordinate independent phe-
nomenon.
In conclusion, even though the extra coupling to mat-
ter renders the theory less prone to Cauchy breakdown
inside the source, problems can arise for sufficiently large
perturbations of the screening solutions (67). On the
other hand, for the class of well-behaved initial condi-
tions the screening solution is stable and behaves as a
coherent object with radius RV , as we discuss below.
1. Quasinormal modes and tails
As discussed before in the DGP case, when perturbed,
the static solutions (67) vibrate and eventually relax to
an equilibrium state again. Performing the same analy-
sis as in Section IV B, we find that the waveform consists
of the expected three stages, a prompt response at very
early times, quasinormal modes at intermediate times
and a power-law tail at very late times.
We saw in the previous section that the new coupling
∇µ∇νpiTµν is important for the stability of the solutions.
If this coupling is absent the behavior of perturbations on
top of the static solution (67), for α < 0 and α > 0 is very
similar to the DGP case (see Fig. 5). The introduction of
this new coupling makes the solution for α < 0 unstable,
which can be clearly seen in a time-domain analysis of
the linear equation around the this background. On the
other hand perturbations on top of the asymptotically
growing solution with α > 0, are stable and have a clear
quasinormal ringdown similar to the one shown in the
top panel of Fig. 5.
A frequency domain analysis also shows that for RV 
R0 the quasinormal frequencies follow the same trend as
in DGP and are given by
ωR ∼ 1
α1/3RV
, (70)
ωI ∼ − 1
α1/3RV
. (71)
This is shown in Fig. (16), where we plot the fundamen-
tal quasinormal modes. One can understand this scaling
from the fact that the coupling constant α can be reab-
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FIG. 16. Fundamental quasinormal modes of the scalar field
in the decoupling limit of massive gravity. The full lines corre-
spond to the numerical results, whereas the dashed lines show
the analytic approximation at low frequencies. The top and
bottom panels show the real part, ωRR0, and the imaginary
part, ωIR0, of the mode as a function of α
1/3RV /R0.
sorbed into Λ and so the effective Vainsthein radius is
given by R˜V ≡ α1/3RV .
In the background of (67), we can compute a wave
equation of the form (31), where the effective potential
has the large distance asymptotic behavior
V ∼ l(l + 1)
r2∗
+
K
r8∗
, (72)
where K is once more a constant that depends on l and
M(r → ∞). This behaviour is independent of α and
does not depend on the new coupling ∇µ∇νpiTµν or the
specific form of Tµν . Thus, the above analysis suggests
that scalar perturbations of the static solution generically
decays as ψ(r∗, t) ∼ t−2l−8 at late times, just as in DGP.
B. Collapsing and Exploding Sources
Compared to DGP, the extra coupling to matter in
massive gravity makes the scalar evolution less prone to
Cauchy breakdown, although it can not be avoided for
sufficiently large fluctuations. Does this hold for the dy-
namical sources that we considered in Section VI? In gen-
eral yes, although some additional subtle issues are worth
pointing out.
For the case of the collapsing source (48), when pres-
sure becomes important, unstable regions near the source
are inevitable, as was pointed out in [44]. Instabilities as
well as sound horizons form during collapse as the pres-
sure becomes significant p ∼ ρ, as can be inferred by
looking at Eq. (94). The spatial components, and in par-
ticular Zθθ, will change sign at some point in space, in
a finite time. Although this behavior was also found in
DGP, due to the extra coupling to matter, this effect
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is enhanced here. However, this is in general followed
by Cauchy breakdown which makes it impossible to fol-
low the development of the instability. This is not only
dependent on the density of the source but also on the
decay time–scale, with a relation similar to the one found
in DGP. For large time–scales (or very small densities)
the field will evolve without instability or breakdown to
a different solution with the same asymptotics (not to
the vacuum solution, due to the extra coupling to mat-
ter). But for realistic source densities, Cauchy break-
down seems to be inevitable.
Surprisingly, the exploding source (49) seems to avoid
Cauchy breakdown for moderately high densities ρ ∼ 106
(and α ∼ 1, recall that α can be reabsorbed). Once more,
this is mainly due to the hierarchy Ztt  Zii in this back-
ground. However, for sufficiently large α and ρ, regions
where the eigenvalues of Zrr and Zθθ change sign can
form. In these regions, the field fluctuations propagate
at extreme subluminal velocities, thus leaving time for
instabilities to grow. Similar to the above cases, these
instabilities can eventually cause Cauchy breakdown.
C. Asymmetric screening solutions
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FIG. 17. Hairy solutions for different multipoles l, here shown
for RV = 100, z0 = 0.9, α = 1/3, and compared to Π ≡ pi′.
For R0  r  RV the field decays as ρ1/3zl0r−l/4 while for
r  RV they decay as ρzl0r−(l+1)
Let us close our discussion on massive gravity by fol-
lowing Section (VII) to compute asymmetric screening
solutions for the source (56). These turn out to be
very similar to the ones found in the DGP model. The
asymptotic form of the scalar multipole components are
the same as in DGP, namely δpi ∼ A1rl at the origin
and δpi ∼ rl+1 at infinity. Some solutions are shown in
Fig. 17. For R0  r  RV the field decays as r−l/4
indicating that in the Vainshtein regime higher multi-
poles have a stronger suppression. The suppression of
their contribution to the fifth force compared to the mul-
tipoles of the Newtonian gravitational force Fg ∼ r−(2+l)
is given by∣∣∣∣Fl>0Fg
∣∣∣∣ ∼ ( rRV
)1+3l/4
if R0  r  RV . (73)
This shows that in this case, in the Vainshtein regime so-
lutions are generically more suppressed in massive gravity
than in DGP.
IX. CONCLUSIONS
The theoretical challenge posed by explaining the ob-
served accelerated expansion of the Universe has put the-
oretical physics at a crossroads. One can postulate dark
energy as the cause, possibly in the form of a cosmological
constant, and be content with an anthropic explanation
for the accelerated expansion. On the other hand, one
can question the validity of GR on large distance scales,
and be left with the need to explain why local departures
have not been observed. In this paper, we have explored
the latter possibility, studying the linear and non-linear
stability of the screening solutions that restore the pre-
dictions of GR on short distance scales.
The two theories we have studied, the DGP braneworld
scenario and dRGT massive gravity, are examples where
non-linear derivative interactions give rise to modifica-
tions of gravity only in the infrared through the Vain-
shtein screening mechanism. We have focused on the
decoupling limit of these theories, in which a non-
gravitating scalar degree of freedom is introduced that
couples to the matter sector. Using analytic and nu-
merical methods, we have taken the first steps towards
establishing the fully non-linear dynamical stability of
the Vainshtein screening solutions in spherical symme-
try. We have also derived some properties of screening
solutions beyond spherical symmetry. Our main results
are as follows:
• Using numerical simulations we have shown for
the first time that in the decoupling limit of both
DGP and dRGT massive gravity, the Vainshtein
screening solutions are dynamically accessed from
a wide variety of initial conditions beyond the lin-
ear regime.
• We have shown that the screening solutions behave
as a coherent object much like a star or black hole
under linear perturbations: a prompt response due
to the primary scattering is followed by a universal
series of damped oscillations known as quasinormal
modes, which is then followed by a universal power-
law decay. This analysis also shows that spherical
sources can only support a monopole configuration
of the scalar pi; any multipolar “hair” on spherically
symmetric screening solutions is radiated away.
• However, for sufficiently large perturbations, re-
gions of spacetime form in which there is no longer a
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well-defined Cauchy problem, a phenomenon which
(following previous nomenclature) we term Cauchy
breakdown. We have shown that in general this
is not a coordinate singularity, but a real physical
problem. In the absence of a new physical principle
for what occurs in such regions, the future evolution
is undetermined. This phenomenon is a general fea-
ture of theories with derivative self-interactions.
• For sources which undergo collapse into a relativis-
tic object or explode, we have shown that Cauchy
breakdown generically occurs when there is a large
hierarchy between the radius of the source and the
Vainshtein radius. This is the case for realistic as-
trophysical objects, and hence there is the danger
that Cauchy breakdown will occur in a complete de-
scription of violent astrophysical phenomena such
as supernovae or the formation of neutron stars and
black holes.
• Finally, by considering non-spherically symmetric
sources, we have shown that for both DGP and
dRGT massive gravity the tidal components of the
scalar fifth force are subdominant to the gravita-
tional tidal field, and that tidal forces are screened
more effectively than the monopole.
Our results represent a first step towards establishing
the nonlinear dynamical stability of infrared modifica-
tions of gravity. However, Cauchy breakdown is likely
to be an important obstruction to determining the sta-
bility of a variety of cases of potential physical interest.
What might be necessary to determine evolution past
these points? In this work, we have neglected quantum
corrections, which by a naive analysis become relevant
whenever derivatives of the pi field become sufficiently
large compared to the scale Λ.
However, the Vainshtein mechanism itself changes the
scale at which fluctuations become strongly coupled.
On top of a background configuration, the strong cou-
pling scale gets “redressed” by the effective metric and
is given by Λ˜ ≡ ΛZ1/2 [35], where Z schematically
represents the relative strength of the eigenvalues of a
slowly varying effective background Zµν . For DGP and
dRGT massive gravity, Z can symbolically be written as
Z ∼ 1+∂2pi0/Λ3. In the non-linear regime r  RV , small
fluctuations around the static screening solutions see an
effective metric with Z  1, implying that Λ˜ Λ. Thus,
for the static backgrounds that we considered, quantum
corrections are suppressed. However, for big fluctuations
around the static solutions the condition Z  1 does not
hold in general, leaving the possibility for Cauchy break-
down to occur, in which case Λ˜ → 0. This means that
at this point fluctuations become infinitely strongly cou-
pled [88], signaling that the classical theory can no longer
be trusted. The scale Λ (and the redressed scale Λ˜) is the
strong coupling scale of the theory, but not necessarily
the theory’s cutoff. Hitting the scale Λ or Λ˜ does not
automatically imply a breakdown of the physical theory,
but rather a breakdown of perturbativity. This means
that quantum loops should be taken into account, but it
does not necessarily mean that new physics is required.
On the other hand, understanding how to evolve past
Cauchy breakdown may require an understanding of how
infrared modifications of gravity can be UV completed 6.
Outside the regime of Cauchy breakdown, it is possi-
ble to study a variety of situations of physical interest.
In particular, the formation of cosmological large scale
structure, and perhaps some solutions in the strong field
regime. In future work, we will tackle these problems,
extending our analysis beyond the decoupling limit, and
considering evolution that includes the internal dynamics
of realistic sources. We hope that this work will produce
new predictions for observables, aiding in the search for
the cause of the observed accelerated expansion of the
Universe.
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1. Convergence properties
The convergence properties of our numerical results
can be understood by varying the grid size. For a pth
6 It is curious to note that our results clearly show that the screen-
ing solutions behave as coherent objects extended up to RV ,
which could be closely related to some proposals for the UV
completion of these theories [94–96].
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order scheme, the convergence ratio defined by
Q =
||pi4h − pi2h||2
||pi2h − pih||2 (74)
yields Q = 2p in the continuum limit, h → 0. Here, the
superscript on the numerical solution pi refers to the size
of the spacing of the grid used, and || · ||2 is the `2-norm.
For example, for the second-order order scheme we use,
Q ' 4. We have evolved both sets of initial conditions in-
troduced in Sections IV A 2–IV A 3, in particular Eq. (21)
with ρ = 200, R0 = 1, A = 0.002, σ = 1, rw = 10,  =
0.001 and pi(r, 0) = 0, respectively. The results are sum-
marized in Fig. 18, and are compatible with second-order
convergence.
2. Cauchy problem and stability
Let us first consider the Lagrangian (2) for a spher-
ically symmetric field pi(t, r). The equations of motion
coming from this Lagrangian have the form of a Monge-
Ampe´re equation
Ap¨i +Bp˙i′ + Cpi′′ +D + E
[
p¨ipi′′ − (p˙i′)2] , (75)
where A, B, C and D are at most functions of pi and its
first derivatives, and we assume (A+Epi′′) 6= 0. We wish
to understand when this type of equation plus its initial
conditions describe a well-posed initial value problem,
commonly known as Cauchy problem (see e.g. Chapter
V of [97] and Appendix 1 where the Cauchy problem for
the Monge-Ampe´re equation is considered). A family of
curves ϕ(t, r) = 0 are characteristics of this equation if
(A+Epi′′)ϕ2t +(B−2Ep˙i′)ϕtϕr+(C+Ep¨i)ϕ2r = 0 , (76)
where ϕr ≡ ∂rϕ and ϕt ≡ ∂tϕ. Along a characteristic
curve solutions are constant, so we can write
dϕ
dλ
= ϕr
dr
dλ
+ ϕt
dt
dλ
= 0 , (77)
where λ denotes the parameter along which the charac-
teristic curve is constant. Substituting in Eq. (76), we
have
(A+Epi′′)
(
dr/dλ
dt/dλ
)2
−(B−2Ep˙i′)dr/dλ
dt/dλ
+(C+Ep¨i) = 0 .
(78)
Solving with respect to dr/dλdt/dλ ≡ dr/dt we find two roots
u1 ≡ dr
dt
=
B − 2Es˜+ ∆
2(A+ Er˜)
, (79)
u2 ≡ dr
dt
=
B − 2Es˜−∆
2(A+ Er˜)
, (80)
(81)
where ∆2 = B2 − 4AC + 4DE and we used Eq. (75) in
the form
(A+ Epi′′)(C + Ep¨i)− 1
4
(B − 2Ep˙i′)2 + 1
4
∆2 = 0 . (82)
The type of this equation is determined by the discrim-
inant ∆2:
• If ∆2 > 0, the equation is hyperbolic (two roots);
• If ∆2 = 0, the equation is parabolic (one root);
• If ∆2 < 0, the equation is elliptic (imaginary roots).
For galileon-like models, the discriminant ∆ depends on
the first derivatives of pi. A well-posed initial value prob-
lem is equivalent to requiring that the equation be hy-
perbolic, i.e. ∆2 > 0. Note that we also must require the
initial conditions to satisfy A+Epi′′ < 0, which is equiv-
alent to requiring the constant time t = t0 hypersurface
to be spacelike everywhere.
Let us see how this can be understood in terms of scalar
perturbations δpi about a background pi0. The action for
δpi is given by
Sδpi =
∫
d4x
[
1
2
Zµν∂µδpi∂νδpi
]
, (83)
where Zµν is the effective metric, dependent on pi0 and
its derivatives, on which δpi propagates. Requiring the
equations of motion for δpi to be hyperbolic is equivalent
to requiring the effective metric Zµν to have a Lorentzian
signature, i.e., det(Zµν) < 0, which in a spherically sym-
metric spacetime can be written as
det(Zµν) = [ZttZrr − (Ztr)2](Zθθ)2 sin2 θ < 0 . (84)
From Eq. (82) this can be shown to be equivalent to the
condition ∆2 > 0 for the background pi0.
Furthermore, the initial value problem is well posed
only if the initial data are set up on a hypersurface Σ
which is spacelike with respect to the effective metric
Z−1µν , where Z
−1
µν is defined such that Z
µλZ−1λν = δ
µ
ν , i.e.,
we require the 1-form ∂µt to be timelike with respect
to Zµν , Zµν∂µt∂µt < 0. Thus the initial data must
be such that Ztt < 0, which is equivalent to requiring
A+Epi′′ < 0 for the background pi0. However, note that
in general even for an initially well-posed Cauchy prob-
lem, due to the non-linearity of the field equations, the
global existence and uniqueness of solutions cannot be
guaranteed.
As a final remark let us consider the stability under
high-frequency perturbations of the background pi0. Lo-
cal stability at a given point in spacetime p0 requires the
metric to have a Lorentzian signature at p0 which may
appear either in the form of ghost or gradient instabili-
ties 7. Through this work we have not considered cou-
pling to other dynamical fields, but if this is taken into
7 Ghost instabilities are characterized either by a wrong-sign of the
time-component of the field equations, which is characterized by
det(Zµν) > 0 when all the other components have the “correct”
signature, or by a relative overall difference of sign of the effective
metric with respect to the gravitational metric, when coupling to
other fields is considered. On the other hand gradient instabili-
ties arise when det(Zij) < 0, where the indices i, j take values
on the 3-dimensional spacelike hypersurfaces t = const.
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FIG. 18. The convergence factor Q(t) defined by Eq. (74) as a function of time. Left panel refers to initial data of the form
pi(r, 0) = 0, ρ = 50, R0 = 1, while the right panel refers to Eq. (21) for ρ = 200, R0 = 1, A = 0.002, σ = 1, rw = 10,  = 0.001.
account we must also require the matrix Zµν to have the
same signature of the gravitational metric. This require-
ment is met as long as the matrix Zµν is non-singular
and when diagonalized has the signature (−,+,+,+).
In spherical coordinates this is equivalent to requiring
Ztt + Zrr −√4(Zrt)2 + (Ztt − Zrr)2
2
< 0 , (85)
Ztt + Zrr +
√
4(Zrt)2 + (Ztt − Zrr)2
2
> 0 , (86)
Zθθ > 0 . (87)
Note that this requirement is not met in the background
of the Π− branch (see Section IV), so this solution would
be unstable if it were coupled to another field or if the
dynamical degrees of freedom of the source were taken
into account, as discussed in the main text.
3. Decoupling limit of Massive gravity
The Lagrangian for the decoupling limit of dRGT mas-
sive gravity [32] is
L = −1
2
hµνEαβµν hαβ + hµνX(1)µν +
α
Λ3
hµνX(2)µν
+
β
Λ6
hµνX(3)µν + Tµνh
µν , (88)
where Eµν = Eαβµν hαβ is the linearization around ηµν of
the Einstein tensor Gµν (gµν = ηµν + hµν). The tensors
X
(n)
µν are special conserved combinations of Π ≡ ∇µ∂νpi
such that ∂µX
(n)
µν = 0. They are defined as
X(1)µν = [Π]ηµν −Πµν , (89)
X(2)µν =
1
2
([Π]2 − [Π2])ηµν − [Π]Πµν + Π2µν , (90)
X(3)µν = ([Π]
3 − 3[Π][Π2] + 2[Π3])ηµν ,
− 3([Π]2 − [Π2])Πµν + 6[Π]Π2µν − 6Π3µν . (91)
Square brackets are used to denote the trace: [Π] =
Πµνη
µν . The parameters α and β are the two free pa-
rameters of the theory. The scale Λ is the strong cou-
pling scale of this theory and is given by Λ = (m2M4)
1/3
where m is the mass of the graviton. The derivatives in
the above expression are to be evaluated on flat space.
For general values of α and β, it is impossible to com-
pletely decouple the tensor and scalar modes, and their
solutions must be found simultaneously. However, we’ll
focus on the special case where β = 0 in which it is pos-
sible to completely decouple pi and hµν through a field
redefinition. Then we can write L = Lhµν +Lpi and solve
the equation of motion for pi independently of the metric.
After performing the field redefinition hµν → hµν +
ηµνpi+α∂µpi∂νpi/Λ
3
3, the scalar and tensor modes can be
decoupled, and the resulting Lagrangian for the scalar
sector is of form (2):
Lpi = −3
2
L2 + 3
2
α
Λ3
L3 − 1
2
α2
Λ6
L4 + piT
M4
+
α
M4Λ3
∂µpi∂νpiT
µν , (92)
where L2, L3, L4 are the galileon Lagrangians given in
Eqs. (3), (5) and (6), respectively. Varying these La-
grangians with respect to pi can be done using δLn/δpi =
−2Ln+1/(∂pi)2 so that the resulting scalar equation of
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motion is
3pi − 3 α
Λ3
[
(pi)2 − (∇µ∇νpi) (∇µ∇νpi)
]
+
α2
Λ6
[
(pi)3
−3pi (∇µ∇νpi) (∇µ∇νpi) + 2 (∇µ∇νpi) (∇ν∇γpi) (∇γ∇µpi)]
+
T
M4
− 2 α
M4Λ3
∇µ∇νpiTµν = 0 . (93)
Small perturbations around a time-dependent back-
ground propagate on the effective metric Zµν , which can
be computed perturbing Eq. (93). For a spherically sym-
metric background the components of this metric are
given by:
ZttMG =− 3− α
(
2T 00 − 6pi′′ − 12pi
′
r
)
− α2
(
6(pi′)2
r2
+
12pi′′pi′
r
)
,
ZrrMG =3 + α
(
−2T 11 + 6p¨i − 12pi
′
r
)
+ α2
(
6(pi′)2
r2
− 12p¨ipi
′
r
)
,
ZtrMG =− 6αp˙i′ + 12α2
p˙i′pi′
r
,
r2ZθθMG =3 + α
(
−T˜ 22 − T˜ 33 + 6p¨i − 6pi′′ − 6pi
′
r
)
+ 6α2
(
pi′′pi′
r
− p¨ipi
′
r
− pi′′p¨i + (p˙i′)2
)
,
(94)
where we defined T˜ 22 ≡ T 22r2 and T˜ 33 ≡ T 33r2 sin2 θ
such that T˜ ii are functions of r and t only.
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